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ABSTRACT

We study the global and local approaches to the problem of extension of
operators into Lindenstrauss spaces.

1. Introduction

Early in the 70’s Lindenstrauss and Pelczyniski proved in [20] that every C(K)-
valued operator from a subspace of ¢y can be extended to the whole ¢g. In
that paper it is remarked that the same holds true replacing “C(K)-space” by
“isometric Li-predual”, later called Lindenstrauss spaces in the literature. The

result therefore should be:

THEOREM 1.1: Let X be a closed subspace of cg. Let be Y a Banach space
such that Y* = Ly (u) for some measure j and let T : X — Y be an operator.
Then, for each ¢ > 0, T admits an extension to an operator T: co — Y with
1T < (X +)T].
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A proof for this result, which to the best of our knowledge has never appeared
explicitly in the literature, is presented in the Appendix.

The paper thus focuses on the study of the extension of operators into Linden-
strauss spaces. Following Zippin’s language, in Section 2 we adopt a global ap-
proach to describe how the extension into different types of Lindenstrauss spaces
comes characterized by the existence of different types of weak*-continuous
selectors. Sections 3 and 4 adopt a local approach; with it, we prove the
Lindenstrauss—Petczyniski result, extend it to the nonseparable case, provide
new constructions in which the extension of operators into Lindenstrauss spaces
exists and show that the Bourgain—Pisier construction [5] of exotic L£.o-spaces
is one of those. Section 5 shows the difference between extending operators
into C'(K)-spaces, into Lindenstrauss spaces, into Lo-spaces that already ad-
mit extension of operators from subspaces of ¢y and into arbitrary L..-spaces.
Section 6 is the Appendix with the proof of the Lindenstrauss—Pelczyniski result
following the indication of the authors of [20].

2. The global approach to the extension problem into Lindenstrauss
spaces

The following definition taken from [11] shall be useful:

Definition: Given a class A of Banach spaces and a positive scalar A\ we will
say that an exact sequence 0 — Y — X — Z — 0 is (A, A)-trivial or that
(A, A)-splits if and only if for every A € A every operator 7 : Y — A can be
extended to an operator T : X — A verifying ||T']] < Al|7||. When it is not
necessary to specify the A we shall simply say that the sequence A-splits or
that it is A-trivial.

A Banach space is said to be a Lindenstrauss space if its dual is isometric to
some L1 (u)-space. In what follows we will denote by L the class of Lindenstrauss
spaces. The following subclasses of L were isolated in [22, 19]:

C(X): The spaces of continuous functions on compact Hausdorff spaces.

C(XK),: The spaces of continuous functions on compact Hausdorff spaces
K which vanish at a fixed point.

Co(X): The spaces of continuous functions on compact Hausdorff spaces
K which satisfy f(ok) = —f(k) for all k € K, where 0 : K — K is a
homeomorphism of period 2.
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C(XK)y: Those Cy(K) spaces for which o has no fixed points.

M: Sublattices of C'(K) spaces. What is the same, spaces X which can be
represented as follows: There exist a Hausdorff compact space K and a
set of triples {kl, k2, Ao }aca with kL, k2 € K and A\, > 0 such that X
is the set of all f € C(K) which satisfy f(kl) = Ao f(k?) for all o € A.

G: Spaces defined like the explicit definitions of M-spaces only that now
the )\, are allowed to be arbitrary real numbers.

A(8): Spaces of affine functions on a simplex S.

The global approach to the extension problem was introduced by Zippin [29]
as follows:

LEMMA 2.1: Given a subspace j : Y — X of a Banach space, every operator
T :Y — C(K) can be extended to an operator T : X — C(K) with estimate
|T|| < M|T| if and only if there is a weak*-continuous map w : By« — ABx-
such that j*w = id.

The map w shall be called a weak™-continuous selector or simply a w*-selector
for j* (a Aw*-selector if the quantitative estimate is needed). Given a weak*-
continuous selector w for an isometric embedding j : Y — X, every operator
7:Y — C(K) can be extended through j by the formula

m(2)(k) = (wr"(k), 2).

The operator 7¢ defined in this way will be called the Zippin extension of 7
through j using w. It is clear that

[ < llewlllil

where ||w| = sup{|lw(y®)| : |lv*|| < 1}. Conversely, if every operator
Y — C(K) can be extended to X through j then one just needs to extend
the canonical embedding ¢ : Y — C(By«) to an operator A : X — C(By~), to
obtain a weak*-continuous selector w for j*:

that verifies ||w] < ||A]l.

Zippin uses this criterion in [29, 30] to obtain different proofs of the Linden-
strauss—Pelczynski theorem, and in [28] to embed every separable Banach space
X into some separable space Zx with FDD in such a way that Zx /X also has
FDD and moreover the sequence 0 — X — Zx — Zx /X — 0 is C(X)-trivial.
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There are simple correspondences between the type of Lindenstrauss space
that can be set as target space and the type of w*-selector that is possible to
obtain. We collect all the information in the following omnibus lemma.

LEMMA 2.2: Let 0 —Y 5 X — Z — 0 be an exact sequence.

(1) It is (A, C(X))-trivial if and only if there is a Aw*-selector for j*.

(2) It is (N, C(X),)-trivial if and only if there is a Aw*-selector for j* such
that w(0) = 0. In particular, it is (A, C(X),)-trivial if and only if it is
(A, C(K))-trivial.

(3) It is (N, €, (X))-trivial if and only if there is a symmetric Aw*-selector
for j*. In particular, it is (A, €, (X))-trivial if and only if it is (A, C(K))-
trivial.

(4) (A, M)-trivial if and only if there is a positive homogeneous Aw*-selector
for j*.

(5) (A, 9§)-trivial if and only if there is a homogeneous Aw*-selector for j*.
If'Y is separable, G-splitting coincides with C(K)-splitting.

(6) (A, A(8))-trivial for a fixed T : Y — A(S) if and only if there exists a
weak* continuous map w : S — ABx+, such that j*w = 7%6.

(7) Trivial if and only if there is a affine w*-selector for j*.

Proof. The proof of (2) and (3) is essentially the same. In both cases, the
first part is routine while for the second, given a selector w, the symmetric

map O(z) = w(w)_;(_w)

is also a selector. Moreover, the equivalence between
C(K)o-splitting and C(K)-splitting is clear since C(K )g-spaces are at worst
2-complemented subspaces of C'(K)-spaces. It was proved by Samuel [25] that
separable €, (X))-spaces are isomorphic to C' (K )-spaces, which yields the equiv-
alence between €, (X))-splitting and C(K)-splitting for separable Y.

We prove now the case of G-spaces which is by far the most interesting.
Observe first that the space G(By~) = {f € C(By~) : f(\y*) = Mf(y*)} of
homogeneous weak*-continuous functions on By« endowed with the supremum
norm is a G-space constructed over the set of triples

{{)‘y*v y*a )‘}’/\E/\(y*)}’y*EBy*
where A\(y*) is {A € R : A\y* € By} for every y* € By«. Moreover, the
canonical embedding § : Y — G(By-) has the universal property that every
operator 7 : Y — G into any G-space can be extended to G(By-) through 0.
Indeed, assume that A = {an,ba, Ao to is the set of triples for G with base
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compact space K, and let 7 : Y — G be a norm-one operator. We define
T : G(By~) — G as usual T(f)(k) = f(7*k). We only have to check that T'
takes values in G. Since 7 takes values in G, 7*(aq) = A\a7*(ba), and therefore

Tf(aa) = f(77aa) = f(AaT"(ba)) = AT f(ba).

It is clear that Td = 7

Therefore, given an embedding j : Y — X, every operator 7 : ¥ — G into
a G-space extends through j if and only if § extends through j. Now, assume
that § admits an extension A : X — G(By+) through j. Then

is an homogeneous ||Aljw*-selector for j*. It is homogeneous since
why")(z) = Alz)(Ay") = AA(@)(y") = Aw(y™) (@)

Conversely, if there is an homogeneous Aw*-selector w for j* then 0(z)(y*) =
w(y*)(x) is an extension of § with norm at most .

Now we present a result showing how often homogeneous selectors appear.
The interest in the existence of this particular class of selectors has been recently
renowned by works of Kalton, see [17] and [18]. It is also the key to prove the
nonseparable version of Lindenstrauss—Pelczyniski’s extension theorem as is done
by Johnson and Zippin [15].

THEOREM 2.1: Let Y be a separable subspace of X. If there exists a weak*-
continuous selector By« — ABx+ then there is a homogeneous weak *-continuous
selector By« — 3A\Bxx.

Proof. The key is Benyamini’s proof [1] that every separable G-space is
isomorphic to a C(K)-space. Thus, let a : G(By~) — C(K) be an iso-
morphism. If there is a Aw*-selector w for j* then ad can be extended to
an operator ad : X — C(K). Therefore a 'ad : X — G(By~) is an ex-
tension of ¢ through j. The homogeneous weak*-continuous selector is then
W' (y*)(x) = a tad(x)(y*). The value of the new constant is, at first sight,
u = Anf d(C(K),G(By+)) where d denotes the Banach-Mazur distance, and
the inf is taken over all C'(K) spaces. To get the precise estimate of the con-
stant we need to go inside Benyamini’s proof. Benyamini proves there exists an
isomorphism S : G(By~) — Z where Z is isometric to Cy(S) for some compact
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metric S. This isomorphism is controlled by |S|| < 3/2 and ||S7!| < 2. To
conclude just apply (3) in the lemma above.

In the nonseparable case, Benyamini [2] constructed an M-space that is not
complemented in any C(K)-space. If we call M to such space the sequence
0 - M — C(By~) — Z — 0 is obviously C(X)-trivial but not M-trivial
and therefore not G-trivial. This means that in this case there exists a weak*-
continuous selector but not an homogeneous weak*-continuous selector. In other
words, C(K)-splitting does not imply in general M-splitting although in the
separable setting C(X)-splitting and G-splitting coincide. Zippin showed in [28,
Ex.3] that for 1 < p < 400 every exact sequence 0 — W — 1, — 1,/W — 0 is
(1, C(X))-trivial. It has been proved now that they are S-trivial (actually (1, 9)-
trivial if one observes that the weak*-continuous selector that Zippin provides
is itself homogeneous).

3. The local approach to the extension problem into Lindenstrauss
spaces

Let us briefly sketch the push-out construction in Banach spaces since it is
essential for our purposes; it can be seen described in full details, in the category
of Banach spaces, in [9, 6].

Given an operator S : Y — M and an embedding j : Y — X, their push-out is
the quotient space PO = M &1 X/A where A = {(Sy, —jy) € M &1 X}. There
exist two operators: ugs : X — PO and u; : M — PO such that usj = u;5,
which are the restrictions to M and X of the quotient map M ¢, X — PO.
The push-out construction has the universal property that given two operators
a: M — FEand §: X — FE such that aS = 3j there exists a unique operator 7 :
PO — E such that yu; = a and yug = § and moreover ||y|| < max{||c]], || 5]}

Let us also recall that an exact sequence 0 — Y 2, X — Z — 0 of Banach
spaces is a diagram in which the kernel of each arrow coincides with the image
of the preceding. An exact sequence is said to split if there is a linear continuous
projection of X onto j(Y'); namely, the identity of Y can be extended through
7 to a linear continuous operator X — Y. We shall use the notation 0 —
Y L X = Z — 0= F when a name for the sequence becomes necessary. If

0—-Y L X% Z—0is an exact sequence then with Q[(m, z) + A] = qx there
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exists a commutative diagram

0o =y '=x "=z =0
S us
\ Y
0O =M _=PO =7 =0
u; Q

THEOREM 3.1: Let H be a closed subspace of ¢yg. Let be Y a Banach space in
which every separable subspace is contained in the inductive limit of a sequence

51 2 43
Y =Y, =Y3 =

of subspaces of Y in which Y, is (1+2~"™)-isomorphic to some finite-dimensional
ll;o(n)—space, and the operators d,, are into isometries. Then, for each ¢ > 0 every

operator T : X — Y admits an extension to an operator T: co— Y.

Proof. There is no loss of generality assuming that Y is separable since the
range of T actually lies on a separable subspace of Y'; and, therefore, that Y
itself is an inductive limit as in the statement of the theorem. Our second set
of simplifications is:

e To assume that H = ¢o(A,,), where (4,) is a sequence of finite-dimen-
sional Banach spaces.

e To assume that cy(A4,) is embedded into ¢y in the following specific
form: let a, : Ap, — 1™ be an (1 + 27")-isometry and then consider

the embedding jo : co(4,) — co(lgo(n)) given by jo((z,)) = (an(xy)).

It follows from Sobczyk’s theorem that if every operator T : ¢o(A,) — Y
can be extended to ¢g through jo then every operator T : ¢o(A,) — Y can be
extended to ¢y through any embedding. That it is enough to work with sub-
spaces having the form c¢y(A,,) for a certain collection (A,,) of finite dimensional
Banach spaces follows from classical results of Johnson-Rosenthal and Zippin
(see [21]) asserting that each subspace H of ¢y admits a subspace having the
form ¢g(A,,) such that the corresponding quotient space H/co(A,,) has the form
co(By). The rest is a 3-space-like argument:



8 JESUS M. F. CASTILLO AND JESUS SUAREZ Isr. J. Math.

LEMMA 3.1: Let A be a class of Banach spaces. Consider the completed push-
out diagram of Banach spaces

0 0
\ y
B B
a b
\ )

) Y
0 0
H V

Then V and G are A-trivial if and only if F' and H are A-trivial.

Proof. Assume that V' and G are A-trivial. It is clear that if V' is A-trivial then
so is H. Let us show that also F' is A-trivial. Let A € Aand 7:Y — A an
operator. Since V is A-trivial, 7a can be extended to an operator T'x through
b. Since (7 — T'xj)a = 0, there is T : C' — A such that Toc =7 — T'xj. Since
G is A-trivial, To can be extended to an operator Tp through . The operator
Tx +Tpd: X — A is the desired extension:

(Tx +Tpd)j =Txj+ Tpic=Txj+Tecc=Txj+17—Txj=T.

Assume now that H and F are A-trivial. Then G is necessarily A-trivial
by the universal property of the push-out. It remains to show that V is A-
trivial. Let 7: B — A. Take Ty an extension of 7 through a and then T'x an
extension of Ty through j. This is the desired extension since Txb = T'xja =

Tya:’r.

Returning to the main proof, let then ¢ : ¢o(A,) — Y be a norm one operator.

The construction of the extension @ : co(lgé")) — Y of ¢ shall be performed
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inductively. We actually will define ® on the dense subspace of finitely sup-
ported elements. In this way, everything reduces to a question involving finite
dimensional Banach spaces. Let ¢, > 0 be such that [[(1+¢,) <1+e¢.

Let a, : A, — 1™ be a (1 + &, )-isometric embedding and let &, : SRR
l’;é"“) be an isometric embedding. There is no loss of generality assuming
that the restriction ¢, of ¢ to A] Peo -+ oo A, lies in Y, = K Let

: Bax — (14 gn)B am) be a homogeneous weak*-continuous selector for
:1 (it exists thanks to the Bartle-Graves continuous selection (see [3] or else

[9]). Let @1 be the operator (d1¢1)“" : 1 1 I;éQ), a Zippin extension of d1¢

through a; using wi. We set the operator
= (0101)"* @ ¢ : 159 @ Ay —— K2

which is defined as

[(0191)" & ¢2] (z,y) = (01¢1)" () + P2(y)-

Observe that [(61¢1)* @¢2](a1,1a,) = ¢z since (d1¢1)“ a1 = 6141 = ¢2(14,,0).
Moreover,

(161)“* @ ¢ = p5°,
where (wi,1) : Barg, a3 — 1+ El)Bla(n)GblA* is the homogeneous weak*-
1 2
continuous selector (w1, 1)(af, a3) = (w1(af),a’). It therefore follows

[(8161)“" @ d2 < (1 + 1)l ¢2]]-

Assuming the operator ®,, : l&gl) Do+ Doo lﬁé”‘” Doo Ay, — lié”’ has al-
ready been constructed verifying |[|®,[ < (1 + e1)---(1 + &,)[|¢nl and

D, (ar,...,an-1,14,) = ¢, then the operator

(I)n—i-l = (6nq)n)wn &) ¢TL+1 : a(l) @oo e @oo lgén) @oo An-i—l — ll;(()nJrl)

comes defined as
[(0n®7)“" & bnia] (2, y) = (0nPn)*" (2) + Pnt1(y)-
Reasoning exactly as in step 1, one has
[@niall < (X +e1)-- (1 +en) (T + entr)lldntall

and

(I)nJrl(al D---Da, D 1An+1) - ¢n+1~
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The process is illustrated by the following diagram.

ay

Aq > lgél)
(1a,,0)
o1 Al Boo A > l&gl) Poo Ao
(a171A2)
Dy

\%
lk(l) $2

> Do=(01¢1)“1 D2

81
\
152

To keep track of the norm of the extension is not easy: the inductive process
yields an estimate of [[(1 + &,) < (1 + €); which Sobezyk’s theorem doubles
when one considers an arbitrary embedding. It is the 3-space argument which
spoils the estimate.

After the work of Michael and Petczynski [23] and then Lazar and Linden-
strauss [19], separable isometric preduals of Ly are precisely inductive limits of
finite dimensional spaces Fj, such that F,, can be chosen 1 + 2~ "-isomorphic to

di n
[dimEn

The local approach allows us to obtain the nonseparable version for the ex-
tension into Lindenstrauss spaces.

THEOREM 3.2: Every sequence 0 — H — ¢o(I") — ¢o(I')/H — 0 is L-trivial.

Proof. We first need a result of Moreno and Plichko [24] providing a decomposi-
tion of " as Uae Al in countable sets T',, and three isometries v : H — co(H,),
v o) = colep(Te)) and w : ¢o(T)/H — ¢o(co(Ta)/Hg) in such a way that
the diagram

0 > H > ¢o(T) >co(T)/H >0

v v v
0  >co(Ha) > co(co(Ta)) > co(co(Ta)/Ha) >0
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is commutative. Here the exact sequence below is the cg-amalgam of certain
exact sequences 0 — H, — ¢o(T'y) — ¢o(Ta)/Hao — 0. It is therefore sufficient
to prove the result for the lower sequence.

Given thus an operator ¢ : ¢o(H,) — Y, let us consider the restrictions
¢o : Hy — Y and then extend each to @, : ¢o(I'n) — Y with a uniform
bound on the norm of the extensions. It remains to show that the amalgam of
the extensions ®(zy) = > Po(xq) defines an operator co(co(I'y)) — Y. This
happens, see [4], if and only if there is a norming subset N C By« such that

(1) sup ZH‘I’* )| < +o0.

In our case, since each H,, is separable, the inductive approach we have just
described applies to extend ¢,. We omit from now on the subindex a. To prove
that condition (1) holds, it is sufficient to show that sup Y [[®*(y*)| < 400
when y* is any of the extreme points e* k() of (I (n)) to which ®* eventually
applies. What we actually show is that

(2) 197 (€5 k()| < Cllo™ (€] k) I-

To prove this, let us observe that a Zippin extension of an operator 7:Y —
C(K) through an embedding j : Y — X using a homogeneous weak*-continuous

selector w verifies:

||(T“’)*(k)|| < [lwll[=(&)]-
Since (6, P )“" @ Ppt1 = qbn +1 is a Zippin extension of ¢, using the homo-
geneous weak*-continuous selector (wy,, 1) it verifies

195 (€5 k)l < (1 +en)lldn (€ ki)l

from where the estimate follows. The passing through Sobczyk’s theorem is
entirely harmless, except for doubling the constant.

A warning here is in order: if one could combine the Moreno-Plichko de-
composition with a proof about the extension of L-valued operators yielding
an estimate 1 + ¢ (such as the one appearing in the appendix) then the final
estimate here would be 1+ . The 6 + ¢ is a legacy of our method of proof for
Theorem 3.1.

The nonseparable version for the extension into C'(K)-spaces was obtained
using global arguments by Johnson and Zippin in [15]; it requires to be combined
with Theorem 1.1. in [30]. See [31] for a detailed exposition. Observe that a
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global proof for the extension of operators into Lindenstrauss spaces is not
possible until a global characterization is available.

PROBLEM: Does there exist a global characterization for the extension of oper-
ators into Lindenstrauss spaces?

4. Universal L—trivial sequences, and new examples

A first step toward solving the previous problem is to obtain an embedding
X — LY(X) which is, regarding the extension of operators into Lindenstrauss
spaces, as “universal” as it is the canonical embedding X — C(Bx~) with
respect to the extension into C'(K)-spaces. The construction of the space £!(X)
and the universal embedding are the contents of the next result.

PROPOSITION 4.1 (Universal construction, isometric version): Given a Banach
space X there exists a Lindenstrauss superspace £'(X) such that the exact
sequence

0— X — LYX)— LYX)/X =0
is (1, L)-trivial. If X is separable then £L'(X) can be chosen separable as well.

Proof. The separable case. Assume that X is separable and let us represent
it as UX,, in which each X, is finite-dimensional, with embeddings i, : X,, —
Xn+1. Next, let us consider the canonical isometric embedding 6; : X7 —
C(B pe ), the isometric embedding i; : X; — X5 and obtain the push-out space
Py, Let Ay : Py, — C’(Bp;) denote the canonical embedding. Observe the
diagram

X1 > X2 > X3 >
51 u2
v Y
C(BX;‘) Vo > P2 u3
Ao
v 4
C(sz*) s > P
As
\
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in which P; is the push-out space of the embeddings Asus : Xo — P, and
io : Xo — X3. The process continues inductively. The Lindenstrauss space we

are looking for is the inductive limit

C(Bx;) 2 C(Bp;) 22 O(Bp;) — - = LY(X).

while the embedding J : X — £!(X) is locally defined by the vertical isometric
embeddings A,u, : X,y — C(Bp:). We show that this construction has the
universal property that every operator 7' : X — L into a Lindenstrauss space
can be extended through .J. Let £! be a separable Lindenstrauss space which,
using [19] can be put as an inductive limit lim_, Y, (with isometric embeddings

) space. Let ¢ : X — L' be a norm

yn) in which Y;, is isometric to some z’;é"
one operator for which we assume that ¢, = ¢|x, sends X,, into Y,,. For the

first step, consider the diagram

X1 > C(BX;‘)

\ w1 X

" uo Ao
é1 Xs > Py > C(Bpy)
v

Yi P2 .

N

Yo

Here ¢7" is an extension of ¢; obtained through the canonical homogeneous

) we have

1-weak*-continuous selector for df. Since Y] is isometric to l];él
95| < |l¢1ll. The universal property of the push-out yields a (unique)
operator ¢p, : P, — Y, verifying ¢p,us = @2 and ¢p,v2 = 3167 and such

that [|¢p, || < max{|ly1¢7" [, [|¢2||} < 1. Finally, take as ¢,2 an extension of ¢,
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obtained through the canonical homogeneous 1-weak*-continuous selector for
A3. For the general case, consider the diagram

Xn > C(BP;{)

Up 41 Apt1
P - O(Bp-

n+1)

¢pn+1
DN

Yn—i—l

Here ¢, is an extension of ¢, obtained through the canonical homogeneous
1-weak*-continuous selector for A% .

Since Y, is isometric to lfl(n)

we have [|¢5" || < [|¢p, || The universal property
of the push-out yields a (unique) operator ¢, ., : Pyy1 — Y41 verifying

OprirUnt1 = Opy1 and @y, Vp1 = ynqﬁ;j: and such that

[6p, 1 | < max{[lyndy ||, |onia [} < 1.

Finally, ¢!} is an extension of ¢, ., obtained through the canonical homoge-

neous 1-weak*-continuous selector for A% 11- Since Y41 is isometric to lﬁ(nﬂ)
we have [[¢p 1| < [[¢p, -
Therefore, if ® : £'(X) — L' denotes the operator locally defined as

@|c(Bp.) = P then one has

12l < sup (o571 1| < lloa]l < [l#]l-
n

NONSEPARABLE CASE. We perform a transfinite induction with some variation
in the construction with respect to the separable case. It is clear that a Banach
space with dens(X) = N; can be represented as an inductive limit X = lim_, X,
of separable spaces ordered by the family of all countable ordinals . Since the
range of an operator defined on a separable space into a Lindenstrauss space lies
into a separable Lindenstrauss space, the argument for the separable case can
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be continued to get an universal embedding J : X — £!(X) for nonseparable X
with dens(X) = N;. Assume then the result has been already proved for spaces
X with densX < Ng, and let us prove it for spaces X with densX = Ng. Let us
set X = lim_, X, as an inductive limit, ordered by ordinals o with || < Ng, of
spaces X, with densX, = || as in the diagram.

X, = LY(X,)

\ Y
Xu—i—l > 41 > L (PaJrl)
\% \%
Xﬂ Ua<ﬁ Xa > L1 (Xﬁ) = Ua<ﬁ L (PaJrl)
\% \%
Xpt1 > P, = L' (Ps+1)

Let ¢, L! be as before. For the first step, consider the diagram

J1
X1 > El(Xl)
\ Py X
i1
u J:
#1 X ’ > Py o> LY(P)

%

Ll 2
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By the induction hypothesis the extension ®; exists. For the general step,
the diagram:

Jathe

X. > LY(Py)
NP
“ Uat1 Jat1 1
da X(,H— > a+1 =L (PaJrl)
\
El ¢o¢+1
\ ¢pa+1
X y
El

shows that one should take as £!(X) the inductive limit lim_, £!(X,), with
embedding J given locally by J,u.; and how the extension of ¢ through J can
be achieved.

DiscussioN: UNIQUENESS OF THE UNIVERSAL LINDENSTRAUSS SPACE. The
space £ (X) is certainly not unique (we will still see a third construction below).
It is however unique in the wider category of superspaces of X (having as
objects superspaces a : X — A of X and as morphisms between two superspaces
a:X — Aandb: X — Banoperatort: A — B such that ta = b). Asa Banach
space “it” has however a dependence upon the finite dimensional decomposition
{X,} chosen as starting point. Nevertheless, the universal property of the
embedding is enough to ensure the functorial character of the construction, in
the sense that given an operator ¢t : X — Y between two Banach spaces and
universal embeddings z : X — £}(X) and y : Y — L1(Y) there exists a unique
operator T : £L}(X) — L£Y(Y) making commutative the square; i.e., Tz = yt.
This could be used to transfer properties of X to £}(X). It would be nice to
know if this construction could yield a space £'(X) with FDD when X has it;
or, in the nonseparable setting, an £'(X) with PRI when X has a PRI.

The simplex S formed by all the Banach limits on [, is often called the
Poulsen simplex; and the space of continuous functions on S when endowed
with the weak*-topology is called the Gurarij space G (see [27]). The Gurarij
space is universal for separable Lindenstrauss spaces, in the sense that every
separable Lindenstrauss space is a complemented subspace of G. It is therefore
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also true that every separable Banach space admits an embedding into the
Gurarij space which is universal with respect to the extension of operators
into Lindenstrauss spaces. This yields the following addition to the omnibus
lemma: IfY is separable and gy : Y — G denotes an embedding of Y into the
Gurarij space then the exact sequence 0 — Y X 57 0is (\, L)-trivial
if and only if there exists a weak™ continuous map w : S — ABx~, such that
gv*|s = j*w. One could be tempted to believe that £'(X) could be C(Bx-).
It is not: the sequence 0 — G — C(Bg+) — @ — 0 cannot L-split since G is
not complemented in any C'(K)-space (see also Proposition 5.1). Nevertheless,
C(Bx~) and £'(X) are not so far away: Semadeni shows in [26] that if a
compact space K is the projective limit (in the category of compact spaces and
continuous functions) of a filtering family K; of compact spaces then C(K) is
the inductive limit (in the category of Banach spaces) of the family C'(K;). This
means that given a Banach space X admitting a representation X = J X, one
has C'(Bx-) = lim_, C(Bx:); while LYX) =lim_, C(Bp:).

A (14 £)-ISOMORPHIC VERSION OF THE UNIVERSAL CONSTRUCTION FOR THE
SEPARABLE CASE. A useful “isomorphic” or “local” version of the universal
Lindenstrauss is also possible; and indeed we already used it in the case of
subspaces of ¢y to have a control on the resulting space: observe that starting
with a subspace H of ¢y the isometric construction cannot yield cg as the final
Lindenstrauss superspace (it can be directly seen from the fact the the first step
in the isometric construction already contains C[0, 1]; or using [15, Example 6]
of Johnson and Zippin which shows that there is no equal norm extension of
C(K)-valued operators from subspaces of ¢g. The local construction in Theorem
3.1 however got ¢y as the bigger superspace. To get this local construction we
should work as follows: start with a representation of the space X as [J X, in
which each X, is finite-dimensional, with embeddings 4, : X,, — X,,+1. Next,
let us consider a (1 + &;)-isometric embedding j; : X; — l&gl) and form the
push-out space P; of i1, j; to obtain a diagram

X, Vs
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Take then a (1 + e3)-isometric embedding jo : P — l$£2> and let wy be a
homogeneous (1 + £2)-weak*-continuous selector for jo. We set @3 = ¢, “2.
The process continues working now with do®- and ¢3, forming their push out
space P5 as in the diagram

P 72 > lg((f)

and so on. The resulting Lindenstrauss superspace is the inductive limit
lim_, lgo(k) with respect to the operators jiyiux : looa(k) — looa(k“). The
embedding of X into this inductive limit is locally defined by the operators

k1

THE BOURGAIN-PISIER SEQUENCE. In [5] Bourgain and Pisier showed that
every separable Banach space X can be embedded into some L.o-space L (X)
in such a way that the quotient space Loo(X)/X has the Schur and Radon-
Nikodym properties. Let us show that this embedding allows one to extend
operators into Lindenstrauss spaces.

PROPOSITION 4.2: For every separable Banach space X and € > 0 the Bour-
gain—Pisier sequence

0—X = LX) = Lo(X)/X =0

is (14 &, L)-trivial.

Proof. What we will actually show is that the process followed by Bourgain

3

and Pisier in [5] is an “isomorphic version” of the previous local method. The
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diagram below might be helpful to understand the first steps in the construction.

S1 > l&gl)
So > 1&22)
\ Ji1x, v
X1 > PO,
uz u
S3 = 123
Y
X, > [j1(X2) + a (1%Y)] = POy
v ) v us us
X J1i . E1
v 5 \
X; =Py = [jogi (Xs) + uz(1%?)] > PO
V j2 V
FEy > Py
Xy Ajsjzir (Xa) + uz (1))
\% g \%
E2 J3 N E3

Assume as before that X = |J X,, with each X,, finite dimensional, and let
in + Xn — X be the inclusion. Bourgain and Pisier use in [5] a clever device
to control the resulting L..-space: fix A > 1; and then set A™! < n < 1. Let
s1: 851 — lg.gl) be a subspace such that there is an isomorphism u; : S7 — X3
with |Jui|| < n and |[u;!|| < A\. Form the push-out of s; and 4; to obtain a
Banach space F4p, an isometric embedding j; : X — FE; and an embedding
uy l&gl) — F41 making a commutative square, namely, j1iju; = uis;. We call
PO, the subspace of F; that is the push-out of s; and u;. In this case, PO, is

A-isomorphic to lgo(l). Next we form the push-out of the restriction of j; to X3

and the inclusion X; — X,. This new push-out space is P, = [j1 (X2)+@T1(l§§1))]

(endowed with the norm of FEy).
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For the next step, take sy : Sy — l$£2> a subspace such that there is an
isomorphism wug : So — Py with |jus|| < 7 and |luy'|| < A. Form the push-out
of so and the composition Sous : P, — Ej that we call momentarily Us. This
yields a Banach space Fs with an isometric embedding js : F1 — FE5 and an

1&52) — FE5 making a commutative square, namely: joUs = uzss.

o)

embedding us :
We call PO, the push-out of sy and ug, a subspace of Eo A-isomorphic to [
Form then the push-out of the restriction js : Xo — POs and the embedding
X2 — X3. This new push-out space is P3 = [ja/j1(X3)+ua( %2))] (endowed with
the norm of E3), and the process can continue. The resulting L  superspace
is the inductive limit

POy 2" PO, 22 POy —s ..

while the embedding j : X — L.(X) is given byj(z) = j,---j1(z) when
r € X,. We show now that this embedding provides a L-trivial sequence
0— x4 Loo(X) — Q — 0. The extension process of an operator ¢ from X
into a Lindenstrauss space L is depicted in the following diagram

J1

X1 >P01

(o]
1 VX

v
l];él) P2 =P
51
v
152 s

¢
x
\
15

Here ®; denotes the unique push-out operator corresponding to the couple

¢1uq and its norm-preserving extension to lgo(l); while ¢,, denotes the unique
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push-out operator corresponding to the couple ¢s,®;. For n > 1, ®,, is the
unique push-out operator corresponding to the couple ®,,_ju, and its norm-
)

preserving extension to lé‘é” ; while ¢, denotes the unique push-out operator
corresponding to the couple ¢y, 11, ®,. The desired extension operator ® of ¢

is thus locally given by
O(z) = P,(x) if x€ PO,.

It is plausible that the Bourgain—Pisier embedding is universal with respect
to the extension of operators into L£..-spaces, however the local approach seems
to be useless in this regard.

5. Different types of L. -splitting

In [11], the class of Lindenstrauss—Pelczynski spaces, in short LP-spaces, was
introduced as those Banach spaces E such that every E-valued operator defined
on a subspace of ¢y can be extended to the whole ¢yp. In this language, the
result formulated by Lindenstrauss and Pelczynski is that Lindenstrauss spaces
are LP-spaces. It is shown in [11] that LP-spaces are Lo-spaces. Our purpose
now is to show that C(X)-splitting , L-splitting, LP-splitting and L-splitting
are different notions.

PROPOSITION 5.1: C(X)-splitting does not imply L-splitting.

Proof. Tt was already observed in [3] that as a consequence of the isometric
predual of [; that is not complemented in any C(K)-space there constructed,
the Gurarij space G (see [13]) cannot be complemented in any C(K)-space.
Thus, the exact sequence 0 — G — C(Bg-) — @ — 0 which obviously €(X)-
splits cannot L-split.

Let us show now how difficult seems to be for an embedding into a Linden-
strauss space to be either LP-trivial or Lo-trivial.

ProproSITION 5.2: Let X be an infinite dimensional Banach space, that is not
itself a Lindenstrauss space. If some embedding X — L' of X into a Linden-
strauss space is LP-trivial, then every complemented subspace of X contains
Co-

Proof. To prove the first part, let X be a separable Banach space not containing
copies of ¢y, and let 0 — X — L' — Q' — 0 be an exact sequence that we
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assume it LP-splits. Applying the Bourgain—Pisier construction to X we obtain
an exact sequence 0 — X — L(X) — S — 0. The space Loo(X) is an LP-
space because (see [11]) it is an L.o-space that does not contain ¢g. The inclusion
X — Lo(X) cannot be extended to L' since Lindenstrauss spaces share with
C(K)-spaces the property that every operator that is not an isomorphism on
a copy of ¢y must be weakly compact (see [14]); in which case the Dunford—
Pettis property of L..-spaces yields that such extension must also be completely
continuous, hence X should be a reflexive Schur space.

It has been already proved that
PROPOSITION 5.3: L-splitting does not imply LP-splitting.

That LP-splitting does not imply L.o-splitting was already proved in [11]
answering a question of Zippin [31].

PROPOSITION 5.4: Let L' be a Lindenstrauss space, and let X — L' be an em-
bedding. If it is Lo -trivial then L' /X must be isomorphic to a complemented
subspace of a Lindenstrauss space.

Proof. Consider the completed push-out diagram

0 0
\ \
0 > X >l >Q > ()
v v
0 >£oo(X) > PO >Q >0
v \
S PO/L
\ \
0 0

in which the first vertical sequence is the Bourgain—Pisier sequence associ-
ated to X, which has been shown in Proposition 4.2 that L-splits. Therefore
PO=L'®S. If0— X — L' — Q — 0is L-trivial then PO = L(X) ® Q.
So, @ is a complemented subspace of L @ S. Since S is Schur, it is not hard to
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see that these two spaces are essentially incomparable, following the notation
of [12]. Therefore by [12] every complemented subspace of their product can
be decomposed as Q = A ® B where A is complemented in L' and B comple-
mented in S. Now, B must be finite dimensional because a Lindenstrauss space
cannot have an infinite dimensional quotient with the Schur property; so @ is
isomorphic to a complemented subspace of a Lindenstrauss space.

Unfortunately the previous conditions are far from necessary: see in [7] non-
trivial sequences having the form 0 — C(A) — C(B) — C(K) — 0.

Conjecture: No sequence 0 — X — C(K) — C(K)/X — 0 is Loo-trivial.

6. Appendix. Classical proof for Theorem 1

Lindenstrauss and Pelczynski suggest in [20] using the following generalization
of Lazar and Lindenstrauss (see [19]) of Edward’s separation theorem to prove
Theorem 1.1:

PROPOSITION 6.1: Let Y be a Banach space with Y* = Ly(u) for some p.
Let be g : By — (—00,00| be a concave w*-lower semi-continuous function
satisfying:
9W*) +9(=y*) 20, y* € By-.

Let F be a face essentially w*-closed of By« and suppose that f is a function
over H=conv (FU—F) which is w*-continuous, affine, symmetric, and such that
J < giu- Then there exists a w*-continuous, affine, and symmetric extension h
of f to the whole By~ in such a way that h < g.

Proof of Theorem 1: Without loss of generality we can assume that || = 1.
It is enough to prove that for each € > 0 , and for each y € ¢9 — X, T can be
extended to an operator on {X + [y]} having norm at most 1 + e. This means
to show that there exists £ € Y such that for all x € X one has

1€ =Tzl < (1 +)lly — xl;
in other words, £ has to satisfy that for all y* € By«

sup (Tx(y") = (M +e)ly— =) =Gy") <E&y*) < F(y")

= Inf (Ta(y) + (L +e)lly — =)
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Notice that F(—y*) = —G(y*). Consider now F, a concave function w* lower
semi continuous dominated by F, then the function G(y*) = —F(—y*) is a
convex, w*-upper semi-continuous function which dominates —F'.

Cram: If F(y*) + F(—y*) > 0 then the value & exists.

Proof of the claim. : Let yj € extBy- be an extreme point. It is obvious that
there exists @ € R such that —F(—y3) < o < F(yg). Let us consider the

function f(Ayg) = Aa on H = conv(yl U —ys) = [ys, —yg]. Since F is concave
we have:

fa + (1 -0)(—a) <OF(yg) + (1 = O)F(—y5) < F(fy + (1 = 0)(—yo))-

What is the same, f < F|y. Using the Proposition there exists a function
h : By« — R which is also affine, symmetric and w*-continuous, which ex-
tends f and still satisfies h < F. This is the function h we are looking for:
recall that a function h over By« is w*-continuous, affine and symmetric if
and only if h(y*) = y*(y) for some y € Y. Since one has h(y*) < F(y*) and
h(—y*) < F(—y*) Vy* € By~ then —F(—y*) < h(y*) < F(y*) Vy* € By-. In
particular,

—F(—y") < —F(—y") < h(y") < F(y*) < F(y*) for all y* € By-.
The point £ we are looking is the point making h(y*) = y*(§) for all y*.

Once the claim has been proved, the rest of the proof of Theorem 1 closely
follows the original one of Lindenstrauss and Pelczyniski [20]. We include it for
the sake of completeness.

Assume that exists y* € By~ such that F(y*) < —F(—y*). Then, there exist
sequences {u’}°° ; {vi}o° | € By« which are weak*-convergent to y* and

lim F(u)) < lim —F(—uv},).
From the definition of F' and G it can be easily deduced the existence of se-
quences {z,},{z,} € X , such that
(1) lm[Tzn(u,) + (L +€)lly — anll] <lm[Tz,(v;) = (14 )y — znll]
Let pp, %y be norm preserving extensions of 7w, T*v;, € X* to ¢y .

Passing to subsequences if necessary, we can assume that p = 4, and that

+ “° ). Then x = ¥ x = T*y*, because T*u} weak*-converges to T*y*
n Ky | n
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as fun)x weak*-converges to ux and T*v;, weak*-converges to T™*y* as 1, x
weak*-converges to 1 x.

A well-known property of the w* convergence in ¢; is that, for every u € /4,
and every weak*-null sequence w,, one has

li n - ni|| — -
lim ([lwn +ull = lwnll = [lull)
So,
2 li ni|l — n - -
(2) lim (lenll = llin = gl = llell)
li n|l — n — - =
lim (|| = ll%n =2 = [1¥1)
If we restrict to X, since ||un|| = |1 T*yE ||, |0nll = | T*y ||, while the norm of

the other functionals in (2) just decrease, we get, say, ||u|| = ||¢| = |T*y*|| = r,
and therefore

limsup ||un —pl| <1—r limsup ||, — || <1 -1
Notice that limsup (i, — p)(y) = 0, limsup (¢, — ¥)(y) = 0, and thus

m  [Tan(y,) + (1 +e)lly — 2al = Tzn(yn) + (1 + )]y — 2nl]
=l [pn(zn) = ¥n(zn) + (L +)(ly = 2nll + ly — 2 )]
=lm  [(pn = p)(2n) = (Yo = ¥)(2)
“(@n = zn) + (L+e)(lly — znll + lly — znl])]
=lm  [(pn = p)(@n = y) = (Wn = ¥)(zn = y)
T Ty (2n = 2n) + (L4 &) (ly = 2nll + [ly = 2al)]
(n

=lim [Si(n)+ S2(n) + S3(n)]

Here

S1(n) = (un — p)(@n —y) + (L =7+ &)y — zn]|
Sa2(n) = =(¥n =) (20 —y) + (1 =7 +¢)lly — 20|
S3(n) = Ty (xn = 2n) +7(ly = zall + ly — znl]).

Now, S1(n) and S2(n) are nonnegatives for large n, while Ss(n) > 0 for all n.
This contradicts (1) and concludes the proof of Theorem 1.
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